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Abstract 

The sl{2) affine Toda model coupled to matter (ATM) is shown to 
describe various features, such as the spectrum and string tension, of 
the low-energy effective Lagrangian of QCD2 (one flavor and colors) . 
The corresponding string tension is computed when the dynamical 
quarks are in the fundamental representation of SU{N) and in the 
adjoint representation of SU{2). 



It has been conjectured that the low-energy action of QCD2 (e >> m^, 
TJiq quark mass and e gauge couphng) might be related to massive two di- 
mensional integrable models, thus leading to the exact solution of the strong 
coupled QCD2 Although some hints toward an integrable structure in 
QCD2 have been encountered the problem remains open 0. 

In recent papers by Armoni et al. it was proved, that bosonized QCD2 
[0] exhibits a screening nature (vanishing of the string tension) when the dy- 
namical quarks have no mass both in the case when the source and the 
dynamical fermions belong to the same representation of the gauge group 
and in the case when the representation of the external charge is smaller 
than the representation of the massless fermions. The string tension also 
vanishes when the test charges are in the adjoint representation and the dy- 
namical ones in the fundamental representation. Confinement is restored in 
the non-standard matter content case (e.g., dynamical adjont matter and 
fundamental probe charge) when a small mass (m^ << e) is given to the 
quarks, as initially argued in 0]. Similar phenomena occur in QED2 P]. In- 
teger charges can screen fractional charges when the dynamical electrons are 
massless. The confinement phase is restored when the dynamical electrons 
are massive and when the external charge is not an integer multiple of the 
dynamical charge. The string tension in QCD2 is 



5:[l-cos4vrA,^], (1) 



where /i^ ~ e {^fund = ^^^i/i e , 7 is the Euler number). A, are the isospin 
eigenvalues of the dynamical representation, kext and kdyn are the affine cur- 
rent algebra levels of the external and dynamical representations, respec- 
tively. R = fundamental and adjoint representations. A possible general- 
ization of ([l|) to representations to which the bosonization techniques are 
applicable, among them the antisymmetric and symmetric representations, 
is outlined in [^. 

Besides, the sl{n) affine Toda model coupled to matter (Dirac) fields 



(ATM) ||5[-||TT|] constitute excellent laboratories to test ideas about confine- 
ment [^], the role of solitons in quantum field theories duality transfor- 
mations interchanging solitons and particles P, |[, as well as the reduction 
processes of the (two-loop) WZNW theory from which the ATM models are 
derivable 1T1|, 0. 
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We show that the s/(2) ATM model describes the low-energy spectrum 
of QCD2 (one flavor and N colors in the fundamental and = 2 in the 
adjoint representations, respectively). The exact computation of the string 
tension is performed. A key role will be played by the equivalence between 
the Noether and topological currents at the quantum level 0. 

The Lagrangian of the ATM model is P, ^ [0 

= —d^ip d^ip + i^i^d^ilj -m^^ e^'^^^ ^, (2) 

where k = (/? G Z), is a real field, is a mass parameter, and ip is 
a Dirac spinor. Notice that ijj = V'"^7o- We shall take ip = e^ip* P], where 
is a real dimensionless constant. The conformal version (CATM) of (|^) 



has been constructed in [|TT|. The integrability properties and the reduction 
processes: WZNW^ CATM ^ ATM ^ sine-Gordon(SG) + free field, have 
been considered 0, [10|, |^ 0. The sl{n) ATM exhibits a generalized sine- 



Gordon/massive Thirring correspondence Moreover, exhibits mass 
generation despite chiral symmetry |12[ and confinement of fermions in a 
self-generated potential P, |13 



The Lagrangian is invariant under Lp Lp + nn, thus the topological 
charge, Q^pol ^ dxj^, j^^ = ^e^^dyip, can assume nontrivial values. A 
reduction is performed imposing the constraint ||^, |^ 

1 M-a,y. = -V'7'^^, (3) 

ZTT TT 

where = i/jj^i/j is the U{1) Noether current. 

The Eq. (0) implies ip'^ip ~ dxip, thus the Dirac field is confined to live 
in regions where the field (p> is not constant. The 1(2)— soliton(s) solution(s) 
for ip and ijj are of the sine-Gordon (SG) and massive Thirring (MT) types, 
respectively; they satisfy (^ for |e^| = 1, and so are solutions of the reduced 
model 0. Similar results hold in sl{n) ATM [|, ^. 

Introduce a new boson field representation of fermion bilinears as 

: ?/^(l ± 75)^/' : = -— : e^^'^'^^ :, : ^'7^^ : = ^^^^"d^c^, (4) 



where c = | exp (7) and /i is an infrared regulator. Define the fields $ and p 

as 



2 V2/7r 
$ = -(v^0 + ¥^); p= -^^(2v/^e^0 + 7r¥;). (5) 
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Then the Lagrangian (0) becomes P 



m 



bos 



(6) 



where = 



I 



|47r — 8e^|, and e = sign (47r — 8e^). Imposing 
e = 1, < I we get a unitary sine-Gordon theory and a decoupled massless 
free field. 

The bosonized version of the constraints (|3|) turns out to be 



< ^ \J\An-8e^\/2n d^p\^ >= 0, 



(7) 



where the >'s are the space of states of the theory. 

The low-energy spectrum of QCD2 has ben studied by means of abelian 



15] and non-abelian bosonizations ITq, m. In this limit the baryons of QCD2 



are sine-Gordon solitons In the large limit approach (weak e and small 
niq) the SG theory also emerges |1T7| . 

The low-energy limit of QCD2 {Nf = 1) with quarks in the funda- 
mental representation of SU{N) is described by the SG theory with (see 
Appendix) [|l| 



in 



(8) 



Now, let us introduce in (P) a new mass parameter m' by renormal- 
ordering M 



then one has 

^bos 

where 



(cos /3<l>)^ = (— )^(cos 



^(^mP)' + ^id.^y + 2 (cos/?<|.). 



(m 



l\2 



N 



SI 



ign(e,)tJ±l 



(9) 



(10) 
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From (|TTj) and the QCD2 parameter m' ([28| ) one can make the identifica- 
tions /i = ~ iTLq. An exact relationship between and rUq will 

be found below. In the large N limit [p!6| , p!7| : (m')^ ~ N erriq. 

On the other hand, QCD2 (A'^^ = 1) with quarks in the adjoint rep- 
resentation of SU (2) is described by the SG theory with = 47r (see 
Appendix). This allows us to make the identifications from (|^) and (p9|): 

~ m,, /i ~ e). 

Let us study the question of confinement of the "color" degrees of freedom 
associated to the field ip (see Appendix) in the ATM model by computing 
the string tension. In a semi-classical analysis ^, we put a pair of clas- 
sical external probe 'color' charges q and —q at L and —L described by the 
static potential Qc = a[Q{x + L) — 6(x — L)] {a is a yet unknown factor), 
in the 'color' space direction T^^^ =diag(Ai, A2, A;, 0, 0, 0), {A,} being 
the 'isospin' components of the representation R under a SU{2) subgroup. 
Then comparing the vacuum expectation value (v.e.v.) of the Hamiltonian 
associated to ( [Tol) in the presence of an external {qext){—'lext) source with the 
relevant one in the absence of such a source, we define the string tension in 
the limit L — > cx) 

a =< H > - < Ho>, (12) 

where Hq{H) is the Hamiltonian in the absence (presence) of the probe 
charges. 

Let us examine the 'mass' term in (Q) with the SU{N) 'color' sector 
of external fields ('?/'")ext fundamental representation coupled to the 

To da field ip. In ATM type theories the fermions confine in a self- generated 



potential [|T3|, thus coupling the {ipexty^ to ip implies some kind of self- 
coupling in view of the equivalence (^. From ([2^ ) we write {4'L°')ext{4'Rb)ext = 
m. ^Q^QcT^^t^ then the mass term (pT|) becomes 

2 

Z/j 

Defining the analogue of $ in (^) as: = ^{XiQc + f), and from (|^) 
replacing ip in terms of the fields $ and p, the mass term in (^ can be written 
as 

[ f . ^ 8sign(ew,) 8 1 — — \ 1 , 
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The fields $ and p in inherit from ip the symmetries p p + ^^nn 
and $ — >• $ + (n G Z), then the theory (|^) has a degenerate vacua |0„ >. 
In order to compute a we need the v.e.v. of the fields, thus we concentrate 
our attention to one of these vacua, say |0o >$ (8) |0o >p. Therefore, in 
accordance with the constraint (0) we shall set p = 0. 



In (|T^) setting p = (ATM — >• SG reduction) and a = (absence of 



2 

external charges) we must recover the interaction term ^ cos /?$ (without 

the sum in i), so we require: (3 = ±[— ^^^^pp^], where the ± signs encode 
the $ — > ±$ symmetry of the SG theory. Then one gets 

I I _ J ±sign(e^)4A^, dyn. quarks in the fundam entai rep. of SU{N) , . 
[ ±sign(e^)4, dyn. quarks in the adjoint rep. oi SU{2) 



From ([TT|) and (|TBp for the fundamental representation one has: \ke^\ = 
N/2, \k\ = AN, \e^\ = f ^ 0.78, therefore ^ = niq. The limit ^ ^ 
I as K, oo, is the semi-classical limit of the SG theory (/? ^ 0). In 

the adjoint case one has to compare the coefficients of the 'cos' term in (M) 



with its QCD2 analogue (^9]), thus for |k| = 4 one has: ^ "'i^Mki/.l _ j^^j] 



niq, pr-u S(~ e). 

In order to describe the chirally rotated mass term in QCD2 ( ^4]) we set 
a = Attt^ (the case SU(2) requires 2% instead of An) M. Actually, this is 

the first order term in the {jti) expansion when the external probe charge 
is viewed as a dynamical field with very large mass Mq (see more details in 
[§]). Then the energy v.e.v. in the limit L — 00 is: < H >= < 
cos(47rAi-^ + /5$) >. Then (O) becomes 

^dyn 



^ = [ ( 1 - cosAnX,'^] < cos/3$ > +sin47rA,^ < sin/3<l> > ].(16) 



Thus the values of < cos /3$ > and < sin /5$ > in the SG theory are needed. 



The exact v. e. v. of type < e*"* > (Re(a) < ^) in the SG theory 
has recently been proposed |jT8|. The authors studied: Csg = Kc?^)^ — 



2/ioCos/3$, assuming the normalization 



< cos /3$(x) cos /3$(0) >f,„=Q= (17) 

2|x| 27r 
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From we quote the expectation value for a = /5 



(iV > 1) p 



<exp(i/3$)> = C{N) 



C{N) ^ 



2N 



'Trrfl 



2N 

_J_\ \ 2JV-1 



'-n( 4:N~3 \\ -nr- 



(1^ 

1-2]V 



16 sin( 



2N-1' 



X 



)r( 



1 



4 , TT 

smi 



To use this exact result we have to relate fio and m'. This is done comparing 
(1171) with 



< (cos/3$(x))^, (cos/5<l>(0))^, >= cosh /52D(m', |x|) 



cosh 



m'lxl 

— (—7 — In 

271^ ' 2 



for small m'\x\. We have (m'Y 



2 

C2JV-1 



Then the string tension ( |l6l) becomes 



2(m')2 



C(iV) ri_cos47rA,;^ 



dyn 



i? = fundamental rep. of SU{N) 
R = adjoint rep. of SU (2) 



where S in i? = adj. is the fermion condensate (see Appendix). We propose 

(p!9D as the exact QCD2 string tension in the limit > 00. Some comments 

are in order here: 

1) The string tension (|l]) reproduces qualitatively (|1^). Eq. ([^) has been 
derived using a semi-classical average for the bosonized fields in Eq. (|^) 
{<g>=l) §. 

2) In the large N limit for R = fund. (0) takes the form: 

a = 2A^cm„-|= J2ii^ — cos47rAir^ ) , which has the same m„ and e depen- 
dence as (|l|), except for a 2i^N factor pO|. Note that when the dynamical 
matter is in the fundamental ikdyn = 1) the string tension vanishes for any 
external matter. In the R =adjoint of SU{2) case [kdyn = 2) and external 
charges in the fundamental kext = 1, ( |T9|) reproduces the result of |Q up to 
a factor 2. Consider Xfund = (|, — |, 0, 0, 0), and Xadj = (1, 0, —1). 

The sl{n) ATM models may be relevant in the construction of the low- 
energy effective theories of multiflavor QCD2 with the dynamical fermions 
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in the fundamental and adjoint representations, so providing an extension 
of the picture described above. Notice that in these models the Noether 
and topological currents (generalizations of (|^)) and the generalized sine- 
Gordon/massive Thirring models equivalences (see Refs. 0, |]) take place. 
A work in this direction is under current investigation and will appear else- 
where. 
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A Appendix: The external color charges 

The equivalence (|^) for multisolitons describes, ip = ip^ [Q^^QpQ] = A^sign(e^)] 
and \l/ A^— solitons of the SG and MT type, respectively. Asymptotically one 
can write 

1 ^ 1 ^ 

— e^-^d,^N^T.-i^ari^a, (20) 

where the ipaS are the solutions for the individual localized lowest energy 
fermion states. In fact, (^) encodes the classical SG/MT correspondence 
[21]. Thus, the ATM model can accomodate A^— fermion confined states 



with internal 'color' index a |T^. If we consider A^ free Dirac fermions ipa 
we will have a SU{N)xU{l) symmetry with currents = '4)''j^T"-%p and 
= '^al^'^"' where the T'^'s are the generators of SU{N) in the fundamental 
representation [Tr{T"'T^) = ^5"''). The U{1) current was bosonized in 



In order to gain insight into the QCD2 origin of the tpa fields ||2^ let us 
write the mass term in the multifermion sector of ATM theory as 

e^^^^^ r = A'i'Ra e'^^ + 4>La (21) 

The nonabelian bosonization |T^ allows us to write 
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where h is a SU{N) matrix field and x± = t ± x. Then ( pT]) becomes 



M (Tr h e*/^* + Tr e~'^*) , (23) 

where $ = |(y^</) + y?) from (|^) has been used. The ATM mass term in the 
multifermion sector, Eq. (p3D , must be compared to the corresponding term 
in the bosonized QCD2 in order to identify the fields related to the fiavor 
and color degrees of freedom. 

The bosonized QCD2 action {Nf = 1) with a chirally rotated mass term 
in the fundamental and adjoint representations can be schematically repre- 
sented by 



S = Swzw[9] + Sk^neUc[A,]-'-^Jd^xTTAlgd.g^ 

+ -mgfiR J dx^Tr ige "'^y" + e "'^y^ "y^gU ^ (24) 



where 5^ is a NxN unitary matrix [ (A^^ — l)x(A^^ — 1) orthogonal] for the 
fundamental (adjoint) representation, is the gauge field (the gauge A_ = 
was used). When the quarks transform in the adjoint rep. the WZW and the 
interaction terms must be multiplied by | because g is real and represents 
Majorana fermions [kdyn = 1 for the fundamental and kdyn = N for the 
adjoint reps., respectively), /i/j is to be fixed, and 

Swzwig] = ^J d'xTrid.gd^g-') + d^ye^^^i:i{g-^d,g){g-'d,g){g~^dug).{2^) 

For quarks in the fufldamentai representation we set g = /le*^* {(3 = \f^), 
he SU{N), then the mass term becomes 

-m I 



2 



In the strong coupling limit (^ 00) the heavy fields can be ignored 
{h = 1) after normal ordering at the mass scale Then (|2^) becomes the 
SG model (set k^xt = in (0), i.e. absence of external charges) 

S^ff = J d'x[^{d,^r + 2{m'f (cos/?$)^,], (27) 
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where 



/\2 



N c rrin 



JV-l 

N 



(28) 



From (p3D and (|26D one concludes that the 'color' degrees ijja {h matrix) 
confined inside the SG solitons correspond to the heavy fields of QCD2 which 
decouple from the light field $ at low-energies. 

For quarks in the adjoint, one has Qab = '2Tr{TauTbU^^) , where u is 
an unitary NxN matrix. For N = 2 and u = e*^*"-°" (n^ = 1; aa, Pauli 
matrices), the mass term of (|^) {kext = 0) reproduces exactly: cosV^$, 
the remaining terms in p^) are the kinetic and derivative interaction terms 
for the fields n and The kinetic terms do not contribute to the change 
of the vacuum energy in the presence of the external source 0], and the 
interaction terms will not contribute in the strong coupling limit. Actually, 
the change in the vacuum energy is due to the mass term p. We have the 
SG model with (3^ 



att pi 



s, 



eff 



(29) 



When 



small rrin 



2, instantons bring about a bilinear fermion condensate (for 
2/iadj < cos VAtt^ >= S (~ e). 
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